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Abstract
We give a generalization of Krasnoselskii’s eigenvalue theorem to countably condensing set-valued maps in
Banach spaces, where the method is to use a fixed point theorem for compact maps. This is based on the fact that
there is a compact fundamental set for a countably condensing map.
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1. Introduction
The study of eigenvalues and eigenvectors of nonlinear operators is a central topic in nonlinear
functional analysis. The celebrated Krasnoselskii eigenvalue theorem [1] is formulated as follows:
Krasnoselskii’s Theorem. Let V be a bounded closed neighborhood of 0 in a Banach space E, K a
closed cone in E, and f : ∂V ∩ K → K a compact single-valued function. Suppose that there is a
real number a > 0 such that f (x) ∈ a(int V ) for all x ∈ ∂V ∩ K . Then there exist a λ0 > 0 and an
x0 ∈ ∂V ∩ K such that f (x0) = λ0x0.
In order to generalize the notion of a compact operator in a reasonable way, one needs a measure of
noncompactness on which the concept of a condensing operator can be introduced; see [2,3]. Moreover,
the fact that we restrict ourselves to countably condensing operators, roughly speaking, condensing only
on countable subsets, is important in connection with differential and integral operators; see [4,5].
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It is natural to ask whether Krasnoselskii’s theorem holds for any condensing map. Jerofsky [6]
answered this question when f is k-condensing with respect to the Kuratowski measure of
noncompactness and K is a closed wedge that is not a finite-dimensional subspace of E . In the proof,
he needs very extended technical machinery for the construction of a contractible set in order to apply a
fixed point theorem of Nussbaum [7].
The purpose of this work is to extend Krasnoselskii’s eigenvalue theorem to countably condensing set-
valued maps with compact convex values in Banach spaces. The method is to use a fixed point theorem
for compact set-valued maps due to Himmelberg [8] and an extension theorem due to Ma [9], with
the observation that there is a compact fundamental set for a countably condensing map. The present
approach is accessible and elegant, in contrast to [6]. Many known results can be deduced from the
following main result:
Let V be a bounded closed neighborhood of 0 in a Banach space E and K a closed cone in E . Let
γ be a measure of noncompactness on K , k > 0, and F : ∂V ∩ K → κc(K ) a countably k-condensing
map with respect to γ . Suppose that there is a real number a > k such that F(∂V ∩ K )∩ a(int V ) = ∅.
Then there exist a λ0 > 0 and an x0 ∈ ∂V ∩ K such that λ0x0 ∈ F(x0). See below for the notation
κc(K ).
In addition, Hahn [10] obtained a similar result, in the case where F : V ∩ K → κc(K ) is a k-
condensing map and K is a closed wedge. A related result on condensing admissible maps is given
in [11], where the admissibility is due to Górniewicz [12].
For a subset K of a topological vector space E , the interior, the closure, the boundary, the convex
hull, and the closed convex hull of K in E are denoted by int K , K , ∂K , co K , and co K , respectively.
Throughout this work, let κ(K ) denote the collection of all nonempty compact subsets of K and κc(K )
the collection of all nonempty compact convex subsets of K , respectively.
A set K in E is called a wedge if ax + by ∈ K whenever a, b ∈ [0,∞) and x, y ∈ K . A wedge K is
called a cone if K ∩ (−K ) = {0}; see [13].
For arbitrary topological spaces X and Y , a map F : X → κ(Y ) is said to be upper semicontinuous
if for any open set V in Y , the set {x ∈ X : Fx ⊂ V } is open in X . An upper semicontinuous map
F : X → κ(Y ) is said to be compact if its range F(X) is contained in a compact subset of Y .
Let K be a closed convex set in a Fréchet space E and Φ a collection of subsets of K containing all
precompact sets with the property that for any M ∈ Φ, the sets co M, M ∪{x} (x ∈ K ), t M (t > 0), and
every subset of M belong to Φ.
A function γ : Φ → [0,∞] is said to be a measure of noncompactness on K provided that the
following conditions hold for any M ∈ Φ:
(1) γ (co M) = γ (M);
(2) γ (N ) ≤ γ (M) if N ⊂ M;
(3) γ (M ∪ {x}) = γ (M) if x ∈ K ;
(4) γ (t M) = tγ (M) for t > 0; and
(5) γ (M) = 0 if and only if M is precompact.
The measure γ of noncompactness on K is said to be subadditive if M + N ∈ Φ and γ (M + N ) ≤
γ (M)+ γ (N ) for each M, N ∈ Φ; see [2,3,6,10].
Let X be a nonempty subset of K , and γ a measure of noncompactness on K , and k > 0. An upper
semicontinuous map F : X → κ(K ) is said to be k-condensing with respect to γ if γ (F(B)) < kγ (B)
for each set B ⊂ X with γ (B) > 0. If k = 1, we call F condensing with respect to γ . More generally,
an upper semicontinuous map F : X → κ(K ) is said to be countably k-condensing with respect to γ
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if γ (F(C)) < kγ (C) for each countable but not precompact set C ⊂ X . If k = 1, we call F countably
condensing with respect to γ ; see [5,14].
Typical examples of a measure of noncompactness are the Kuratowski and the Hausdorff measures of
noncompactness on a Banach space E ; see [2,3]. Note that every compact map is countably k-condensing
with respect to γ for any k > 0; every k-condensing map with respect to γ is countably k-condensing.
2. Main results
We begin with the following property of a countably condensing map which is a basic tool for
achieving our aim; see [5, Corollary 2.1] or [14, Corollary 3.1].
Lemma 1. Let K be a closed convex set in a Fréchet space E with 0 ∈ K and X a nonempty
closed subset of K . If F : X → κ(K ) is a countably condensing map with respect to a measure
γ of noncompactness on K , then there exists a nonempty compact convex subset S of K such that
X ∩ S = ∅, 0 ∈ S, and F(X ∩ S) is a subset of S.
Proof. For x0 ∈ X , let
Σ := {B ⊂ E : B = co B, {0, x0} ⊂ B, F(X ∩ B) ⊂ B}.
Then Σ is nonempty because K ∈ Σ . Set S := ⋂B∈Σ B and
S1 := co [F(X ∩ S) ∪ {0, x0}].
Since S ∈ Σ , we have S1 ⊂ S and so F(X ∩ S1) ⊂ S1 and therefore S1 ∈ Σ . It follows from definition
of S that S ⊂ S1 and hence
S = co [F(X ∩ S) ∪ {0, x0}].
Thus, S is a closed convex subset of K and F(X∩S) ⊂ S. It remains to show that S is compact. To prove
this, we use Theorem 3.1 of [14]. Consider a map G : X → κ(K ) given by G(x) := F(x) ∪ {0, x0} for
x ∈ X . Let C be any countable subset of X ∩ S such that C ⊂ X ∩ co (G(C)). Then the definition of γ
implies
γ (C) ≤ γ (co (G(C)))
≤ γ (F(C) ∪ {0, x0})
= γ (F(C)).
Since F is countably condensing, C is precompact. Applying Theorem 3.1 of [14], S is compact. This
completes the proof. 
Using Lemma 1 and a fixed point theorem of Himmelberg [8], we prove the Krasnoselskii eigenvalue
theorem for countably condensing maps with compact convex values in Banach spaces.
Theorem 1. Let E be a Banach space, V a bounded closed neighborhood of the origin 0 in E, and K a
closed cone in E. Let F : ∂V ∩ K → κc(K ) be a countably condensing map with respect to a measure
γ of noncompactness on K such that
0 ∈ F(∂V ∩ K ).
Then there exist a real number λ0 > 0 and a point x0 ∈ ∂V ∩ K such that λ0x0 ∈ F(x0).
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Proof. Suppose that F : ∂V ∩ K → κc(K ) is a countably condensing map with respect to γ such that
0 ∈ F(∂V ∩ K ). By Lemma 1, there exists a nonempty compact convex subset S of K with 0 ∈ S such
that F(∂V ∩ S) is a subset of S. Then the restriction F |∂V∩S of F to the set ∂V ∩ S is a compact map.
Ma’s extension theorem [9, Theorem 2.1] implies that the map F |∂V∩S has an upper semicontinuous
extension G : V ∩ S → κc(K ) such that
G(V ∩ S) ⊂ co (F(∂V ∩ S)).
The compactness of G follows from the compactness of the restriction F |∂V∩S , noting that the closed
convex hull of a compact set in a Banach space is compact. Since K is a closed cone in E and F(∂V ∩ S)
is a compact subset of K with 0 ∈ F(∂V ∩ S), it is known that 0 ∈ co(F(∂V ∩ S)); see [15, Hilfssatz
1.3]. Since 0 ∈ G(V ∩ S), there is a neighborhood U of 0 in E such that U ∩ G(V ∩ S) = ∅. By the
boundedness of V , we can choose a real number a > 0 such that a(int V ) ⊂ U . Therefore, we obtain
G(V ∩ S) ∩ a(int V ) = ∅.
Let H : V ∩ S → κc(K ) be a map defined by
H(x) := 1
a
G(x) for x ∈ V ∩ S.
Without loss of generality we may assume that H has no fixed point on V ∩ S. Otherwise, there exists an
x0 ∈ ∂V ∩ S such that x0 ∈ H(x0) because H(V ∩ S) ∩ int V = ∅; in this case, the proof is completed.
Set
X1 := {x ∈ V ∩ S : x ∈ t H(x) for some t ∈ [0, 1]}.
Since the upper semicontinuous map H with closed values has closed graph (see [16, Proposition 3.1.7]),
it is easy to check that X1 is a nonempty closed subset of E . Now we will show that
X1 ∩ (∂V ∩ S) = ∅.
We suppose to the contrary that X1 ∩ (∂V ∩ S) = ∅. Since two sets X1 and ∂V ∩ S are disjoint and
closed in the metric space E , there is a continuous function α : E → [0, 1] such that α(x) = 0 for all
x ∈ X1 and α(x) = 1 for all x ∈ ∂V ∩ S. Consider a map T : S → κc(S) defined by
T (x) :=
{
(1 − α(x))H(x) for x ∈ V ∩ S
{0} for x ∈ S \ int V .
Then T is a compact map with compact convex values in S, defined on the closed convex set S in the
Banach space E . By Himmelberg’s fixed point theorem [8, Theorem 2], T has a fixed point x0 ∈ S;
that is, x0 ∈ T (x0). Hence we have x0 ∈ X1 and so α(x0) = 0 which implies that x0 ∈ H(x0).
This contradicts our assumption that H has no fixed point on V ∩ S. Thus, we have proved that
X1 ∩ (∂V ∩ S) = ∅.
Therefore, there exist a t0 ∈ [0, 1] and an x0 ∈ ∂V ∩ S such that x0 ∈ t0 H(x0). From x0 = 0 and
F = G on ∂V ∩ S it follows that t0 = 0 and (a/t0)x0 ∈ G(x0) = F(x0). Setting λ0 := a/t0, we
conclude that λ0 ≥ a > 0, x0 ∈ ∂V ∩ K , and λ0x0 ∈ F(x0). This completes the proof. 
The following result is the well known Krasnoselskii’s theorem.
Corollary 1. Let V be a bounded closed neighborhood of 0 in a Banach space E and K a closed cone
in E. If f : ∂V ∩ K → K is a compact single-valued function such that 0 ∈ f (∂V ∩ K ), then f has a
positive eigenvalue.
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Proof. Recall that every compact map is countably condensing with respect to γ , where γ is a measure
of noncompactness on K . Theorem 1 is applicable. 
Now we can give a generalization of Krasnoselskii’s eigenvalue theorem to countably k-condensing
maps.
Theorem 2. Let V be a bounded closed neighborhood of 0 in a Banach space E and K a closed cone
in E. Let γ be a measure of noncompactness on K , k > 0, and F : ∂V ∩ K → κc(K ) a countably
k-condensing map with respect to γ . Suppose that there is a real number a > k such that
F(∂V ∩ K ) ∩ a(int V ) = ∅.
Then there exist a real number λ0 > 0 and a point x0 ∈ ∂V ∩ K such that λ0x0 ∈ F(x0).
Proof. Let G : ∂V ∩ K → κc(K ) be a map defined by
G(x) := 1
a
F(x) for x ∈ ∂V ∩ K .
Then G is clearly countably k/a-condensing with respect to γ . From k/a < 1 it follows that the map G
is countably condensing with respect to γ . Since 0 ∈ G(∂V ∩ K ), Theorem 1 implies that there exist a
µ0 > 0 and an x0 ∈ ∂V ∩ K such that µ0x0 ∈ G(x0). Setting λ0 := aµ0, we conclude that λ0 > 0 and
λ0x0 ∈ F(x0). This completes the proof. 
An analogy to the following result is proved in [6, Theorem 6.1.1] by using a fixed point theorem due
to Nussbaum [7, Theorem 3], where K is a closed wedge that is not a finite-dimensional subspace of E .
Corollary 2. Let V be a bounded closed neighborhood of 0 in a Banach space E and K a closed cone
in E. Let α be the Kuratowski measure of noncompactness on E and k > 0. If f : ∂V ∩ K → K is a
k-condensing single-valued function with respect to α such that f (∂V ∩ K ) ∩ a(int V ) = ∅ for some
real number a > k, then f has a positive eigenvalue.
Applying Theorem 2, we obtain another eigenvalue result. Some related results on condensing maps
are given in [10, Satz 5] and [13, Theorem 2].
Theorem 3. Let (E , ‖ · ‖) be a Banach space, K a closed cone in E, and B = {x ∈ E : ‖x‖ ≤ r}
a closed ball of radius r > 0. Let γ be a subadditive measure of noncompactness on E , k > 0, and
F : ∂B ∩ K → κc(K ) a countably k-condensing map with respect to γ . Suppose that there are a point
w ∈ K and a real number c > 0 such that
‖y + (r − ‖x‖)w‖ ≥ c
for all x ∈ ∂B ∩ K and all y ∈ F(x). If rk < c; then there exist a real number λ0 > 0 and a point
x0 ∈ ∂B ∩ K such that λ0x0 ∈ F(x0).
Proof. Define a map G : ∂B ∩ K → κc(K ) by
G(x) := F(x)+ (r − ‖x‖)w for x ∈ ∂B ∩ K .
Then G is a countably k-condensing map with respect to γ . In fact, for each countable set C ⊂ ∂B ∩ K
with γ (C) > 0, the definition and the subadditivity of γ imply that γ (G(C)) ≤ γ (F(C)) +
γ (co{0, rw}) ≤ γ (F(C))+ γ ({0, rw}) < kγ (C).
390 I.-S. Kim / Applied Mathematics Letters 19 (2006) 385–391
Set a := c/r . Since ‖x‖ < c for every x ∈ a(int B), it follows that a > k and
G(∂B ∩ K ) ∩ a(int B) = ∅.
By Theorem 2, there exist a λ0 > 0 and an x0 ∈ ∂B ∩ K such that λ0x0 ∈ G(x0) = F(x0). This
completes the proof. 
Corollary 3. Let B be the closed unit ball in a Banach space E and K a closed cone in E. Let
f : ∂B ∩ K → K be a condensing single-valued function with respect to the Kuratowski measure
α of noncompactness on E. If ‖ f (x)‖ ≥ c for all x ∈ ∂B ∩ K and for some real number c > 1, then f
has a positive eigenvalue.
Proof. Notice that the Kuratowski measure α of noncompactness on E is clearly subadditive; see [2,3].
Since f is countably 1-condensing with respect to α, apply Theorem 3 with k = 1 and w = 0. 
As an immediate consequence of Theorem 2, we have the following:
Theorem 4. Let V be a bounded closed neighborhood of 0 in a Banach space E and K a closed cone
in E. Let γ be a measure of noncompactness on K , k > 0, and F : V ∩ K → κc(K ) a countably
k-condensing map with respect to γ . Suppose that there is a real number a > k such that
F(∂V ∩ K ) ∩ a(int V ) = ∅.
Then there exist a real number λ0 > 0 and a point x0 ∈ ∂V ∩ K such that λ0x0 ∈ F(x0).
Proof. Consider the restriction F0 of F to the set ∂V ∩K . Obviously, F0 is countably k-condensing with
respect to γ . Now apply Theorem 2 to the restriction F0. 
The following result on condensing maps is Theorem 2 of [10] if K is assumed in [10] to be a closed
cone.
Corollary 4. Let V be a bounded closed neighborhood of 0 in a Banach space E and K a closed cone
in E. Let γ be a measure of noncompactness on K , k > 0, and F : V ∩ K → κc(K ) a k-condensing
map with respect to γ . Suppose that there is a real number a > k such that
F(V ∩ K ) ∩ a(int V ) = ∅.
Then there exist a λ0 > 0 and an x0 ∈ ∂V ∩ K such that λ0x0 ∈ F(x0).
Finally, we do not know whether Theorem 1 remains true if the condition “F : ∂V ∩ K → κc(K ) is
a countably condensing map with compact convex values” is replaced by “F : ∂V ∩ K → κ(K ) is a
countably condensing admissible map,” where the admissibility is due to Górniewicz [12]. More details
about condensing admissible maps can be found in [11].
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